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SECTION 1 - INTRODUCTION 
Conventional techniques available for structural, thermal 
and control system analysis may well be inadequate for the 
analysis of the large space structures now being envisioned 
for future space applications. This report presents the 
results of studying one aspect of this problem. 

A number of recent papers have been published which present 
a modal solution approach to the transient thermal analysis 
problem. Two in particular are considered in this report. 
In the first [l], a generalized approach for the solution of 
thermally induced instabi1,ities is formulated in order to 
perform the analysis of coupled structural and thermal sys- 
tems. The second paper [ 2 ]  addresses the application of 
two-dimensional transient heating of hypersonic vehicles, 
specifically establishing a code to improve run time effi- 
ciency. 

The purpose of this report is to present an evaluation of 
the modal formultions of the thermal transient analysis 
problem. A computational technique is then presented for 
solving such problems. The results of testing this tech- 
nique on representative problems to ascertain potential 
benefits and disadvantages is then given, along with con- 
clusions and recommendations for pertinent follow-on ac- 
tivi ties. 
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SECTION 2 - MODAL FORMULFTJONS OF THE TRAFSTENT 
THERMAL PROBLFM 

This section contains the evaluation of two specific modal 
formulation approaches. Special attention is given to 
mathematical derivation and generality. 

In order to have a common base of notation, the general 
thermal transient equation is, for the purposes of this 
report 

B+ + KT + R(T + Ta)4 = P + N 

where T = vector of nodal temperatures 
B = diagonal (lumped) matrix of system-heat capaci- - 

K = symmetric matrix of system heat conduction coef- 

R = matrix relating radiative heat flows to nodal 

tance coefficients 

f icients 

temperatures 
Ta = converts T to an absolute temperature scale 
P = time dependent applied heat flows 
N = nonlinear heat flows that depend on temperature 

Note that this notation is not the standard formulation used 
by thermal analysts who nominally write thermal balance dif- 
ference equations at each node. It is, in fact, nearly 
equivalent to the general equation found in NASTRAN [3] in 
its heat transfer analysis rigid formats. It was chosen as 
a basis in order to point out thermal and structural anal- 
ogies. 

The NASTRAN Thermal Analyzer (NTA) is a finite element anal- 
ysis method in which the unknowns are temperatures at dis- 
crete points. The heat conduction matrix, K, and the heat 
capacity matrix, B, are formed from element properties. The 

2-1 
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K matrix may also include surface heat convection or linear- 
ized radiation. The applied heat flow vector, P, is asso- 
ciated with either surface heat transfer or heat generated 
inside the volume heat conduction elements. Radiation from 
a distant source is treated as a prescribed heat flux. 
Radiation exchange between surfaces is contained in the R(T 
+ Ta)4 nonlinear term. 
due to temperature dependent surface convection and heat 
conductivity. An excellent report fully detailing the 
theory and practical aspects of using NTA is given in 
Reference 4. 

N contains nonlinear heat flows 

2.1 CAVE 

CAVE (Conduction Analysis Via Eigenvalues) is a standalone 
computer code generated to make the prediction of tempera- 
tures within the thermal protection systems of hypersonic 
vehicles more convenient and efficient. In the CAVE: ap- 
proach, a transient thermal event or trajectory is divided 
into intervals of time over which the heat capacitance, con- 
ductance, and thermal load matrices are constant. Linear- 
ized radiation heat transfer at the surface can be included 
by modifying the convection coupling terms. Therefore, the 
equation to be so lved is, within a specified time interval, 

B+ + KT = P 

where the B, K, and P matrices are all constant with respect 
to temperature and time. There thus exists a closed form 
solution to this problem, the derivation of which is shown 
in Appendix F of the CAVE report. 
the derivation is shown in the following steps. 

A brief reformulation of 

-1 /2x 1. Perform coordinate transformation T = B 
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- 1 / 2  Multiply equation (3) by B 

or 

$ + A x = B  - IDp  ( 4 )  

Perform second coordinate transformation x = B 

B1I29 + AB1/2y = B -Wp 

- 1 / 2  4. Multiply equation (5) by B 

f r + B  -1/2AB1/2y = B'lP 

or 

since 

!? + NT = B'lP 

, 

5. The homogeneous solution to equation (6) is an 
exponential function 

(5) 

2- 3 
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6. The nonhomogeneous solution to equation (6) is a 
constant 

-1 -1 T,=N B P 

I -  
7. Total solution to equation (6) is 

Nt T = ce + T, 

TO At t = 0, T = 

Therefore 

Thus 

Nt T(t) = (To - Tale + T, 

The rest of the derivation in the CAVE report is spent in 
evaluating the term eNt via algebraic manipulations. 
is shown through a n,umber of steps, which need not be 
repeated here, that 

It 

(9) 

where A = diagonal matrix containing the eigenvalues X j  
of matrix A 

T T 
Q = eigenvectors of matrix A where 6 AQ = A,  Q 6 = I 

2 - 4  



Thus, the final modal formulated solution becomes 

Another way to express equation (11) for node i is 

. .  

. .  .. . . _  

I -  

. -  

n 
+ c 

j 
Ti(t) = T, ij i 

(12) 

where n is the number of dominant terms. It is noted that, 
for a given number of terms, there is a minimum time period 
required to achieve a certain accuracy. This aspect of the 
problem will be discussed in more detail in Section 4 .  

Clearly, the CAVE program solves a somewhat restricteA 
problem in an efficient manner. It is also clear that a 
very informed user is required to choose optimal values for 
the trajectory time intervals and the correct number of 
dominant modes in order to achieve a specified accuracy 
level. 

2 . 2  STRUCTURAL ANALOGY 

The impetus for this report was generated by the H. P. 
Frisch paper "Thermally Induced Response of Flexible 
Structures: A Method for Analysis" [ 2 ] .  It presents an 
analysis procedure for coupling thermal and structural modes 
in a very general and straight forward manner. 

The general matrix equation which Frisch derives from the 
thermal balance equation at each node, is 

b 

BT + K'u = P 

This equation is essentially identical to the YTA line 
formulation in which the K' matrix contains, in additi 

2-5  
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heat conductances, linearized radiation terms developed as 
follows 

RT4 = R T + AT 
[ E  i 4  

+ 4TEAT 3 + 2TiAT2 + ...I 

Here, the terms are linearized about the average mean temper- 
atures at each node TE. 
contains the constant RT; and KTE terms as well as . 

applied time dependent heat fluxes. 

The right hand side vector, P, 

The modal solution to the homogeneous form of equation (13) 
is developed by considering a solution of the form 

-At T = @e 

Therefore, the eigenvalue problem becomes 

The solution to this eigen-analysis problem may be formulated as a 
coordinate transformation 

I 

T where $ BI$ = I (identity matrix) 
I$~KI$ = A (diagonal matrix of eigenvalues A) 

Therefore, the uncoupled system equations become 

2, + AQ = $TP 

2-6 



or for the ith equation . .  

I .  

. .  
i -  

.. 
rn 

. _  

The solution Q(t) of these equations via integration may 
then be back transformed to temperature via 

Potential CPU savings over normally fully coupled 
integration may result due to both diagonal matrix 
integration (no forward-backward substitution) and modal 
truncation. This was not, however, the purpose of the 
Frisch paper which instead went on with a presentation of 
the coupling of structural and therma1,modes in order to 
simulate thermally driven structures. The final sections of 
this report detail the investigation into the potentials of 
modal thermal solutions which the Frisch paper did not 
address. 
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SECTION 3 - IMPLEMENTATJON OF A GENERAL, MODAL 
FORMULATION OF THE TRANSIENT THERMAL PROBLEM 

A third and more general approach to solving transient 
thermal analysis problems in the modal domain begins with 
the NTA equivalent of equation (1) 

B()l + K'T = P + N (19) 

where 

+ Ta) 3 T - ( T ' +  Tal ') 

As in the Frisch paper, the radiation terms are linearized 

F' about a user estimated final steady state temperature, T 

However, the linearized terms are included on both sides of 
the equation and thus equation (19) 'is an exact representa- 
tion of equation (1). The full nonlinear term is now incor- 
porated on the right hand side in a forcing function role. 
It could easily include temperature-dependent terms as NTA 
d o e s ,  b u t  t h i s  w a s  n o t  i n c o r p o r a t e d  a t  t h i s  t i m e .  

The modal solution to equation (19) is much the same as in 
the Frisch paper. The following steps depict the implemen- 
tation process. 

1. Perform coordinate transformation x = T - TO 

where To is the initial vector of nodal tempera- 
tures 

b-., . .- BG + K ' X  = P + N - KITO 

3-1 
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4 .  

Perform modal coordinate transformation x = $Q 
where 

eTB$ = I 

$ T K ' $  = h 

T 6 + AQ = $TP + $TN - $ KITO 

Integrate the uncoupled "dominant" equations (21) . 
The integration package chosen is the same as that 
used in the Nastran coupled matrix transient 
thermal analyzer. It is related to the 
second-order Newmark-beta approach used in 
structural analysis, being both stable and 
efficient. The algorithm for equation (21) is 

L-- L 

B)Pn + BINn - BNn-l 

Note that the matrices in brackets are diagonal, 
yielding a very efficient algorithm for this set of 

equations., The algorithm is started by setting 

Back transform from modal results to obtain 
physical temperatures 

3-2 



This procedure was implemented in both the fully coupled and 
modal formulations in the FLAME program [5]. For simple 
problems such as the one-dimensional conduction problem in 
the next section, the entire problem can be formulated using 
FLAME commands. For more complex problems such as the JPL 
antenna model of the next section, a NTA run to create and 
output the B, K, R, and P matrices is made. DMAP instruc- 
tions were also added to solve the associated eigenvalue 
problem and output the eigenvalues and mode shapes. 

, . .  
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SECTION 4 - TRANSIENT THERMAL ANALYSIS EXAMPLES 

In this section, two thermal transient problems are analyzed 
using the procedure presented in Section 3. Accuracy, effi- 
ciency and practicality are stressed. An assessment of 
physical interpretation of thermal eigenvalues and mode 
shapes for these problems is also included. 

4.1 ONE-DIMENSIONAL CONDUCTION PROBLEM 

The problem considered here is taken from Appendix A of the 
CAVE report. It is a 10-node network representing a uniform 
slab heated by convection on one face and perfectlv in- 
sulated on the other. Figure 1 displayes the network, the 
system properties, dimensions and temperatures. Figure 2 
gives the associated system matrices used in solving this 
problem. Note that the fluid connective coupling is in- 
cluded in the problem by means of a linear spring constant. 
Note also that for the uniform slab properties as given, 
this problem could be represented by only two nodes. 

The modal formulation of this problem yields 10 eigenvalues 
and thermal mode shapes. These eigenvalues and mode shapes 
may be physically interpreted by considering a structural 
analogy. If an undamped structure is physically configured 
into one of its mode shapes and then released, it will vi- 
brate indefinitely with that mode shape at the frequency of 
that mode. Likewise, if a structure is given an initial 
thermal distribution associated with one of its thermal mode 
shapes referenced to some mean temperature, the nodal tem- 
peratures will approach the mean temperature exponentially 
with a time constant equal to the reciprocal of the eigen- 
value for that mode shape. 

I 

.To show this, consider the slab model. Tts eigenvalues and 
associated time constants are shown in Table 1. A plot of 
the first mode is shown in Figure 3 (maximum normalized to 

4-1 



INSULATED 
BOUNDARY 

/ 

CONVECTIVE HEATED 
BOUNDARY. (2OOOF) c = 0.2 B t u / l  bm0F 

p = 165. lbm/ft3 

I h = lOOO.Btu/hr ft2 

Figure 1. One-dimensional Conduction Problem 
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THERMAL EQUATION: 

where 

B = diag (1.65, 8 * 3 . 3 ,  1,651 BTU/OF 

-1000. 0. 

-1000. 2000. 
2000. -1000. 0. 

. 
-1000. 

0. . 2000. -1000. 
-1000. 1000. 

BTU/hr . T 
P = (200000., 9*0.). 

Figure 2. One-Dimensional Conduction Problem Thermal 
Equation 

4 - 3  



Q 
Q m 

N 
rc 

I 

. 

I 

i 
1 
i 
I 

I 
I 
i 

i 
i I 

d 

w 
c1 

I 
C 
e 
L 
C 
t 
m 

a 

0 

Q 
u, 
rn 

cl m 

1 

4 - 4  



I . .  

kl°F). 
distribution of that mode shape and then released with O°F 
boundary conditions, Figure 4 displays how the temperatures 
at nodes 1, 5, and 10 behave. Note that they all approach 
O°F at an exponential rate associated with the time con- 
stant of the first mode, 0.134 hour. Each modal temperature 
decays to 37% of its original temperature in one time con- 
stant, and to 5% of its original temperature in three time 
constants. 

If the system is given an initial temperature 

Mode 
Number 

Table 1. Eigenvalues and Time Constants for the 
One-Dimensional Conduction Problem 

Eigenvalue (hr-l) Time Constant (hr) 

2 

a 
9 

10 

7.47 
67.26 

185.1 
352.5 
552.7 
763.2 
958.2 

1112.0 
1119.0 
1461.0 

.13385 

.01487 

.005404 

.003837 

.001809 

.001310 

., 001044 

.00089Q 

.0008?4 

.000684 

A plot of the response of nodes 1, 5, and 10 to the problem 
as formulated is shown in Figure 5. This plot was obtained 
using all ten modes. It agrees exactly with the full 
coupled solution approach and with the results as presented 

than ten modes with results shown in Figure 6 for six 
modes. It became apparent quickly that for this problem as 
formulated, all modes are required to give accurate 
representation of the final slab temperatures. This was not 

' in the CAVE manual. A number of runs were made with less 

4-5 



i 
I t 1 
I I I 

.L .' 

c .. . .  
. . -  

. _I 

r : i- . .. . . .., .< 
t -  , 

m 
Q + 
w 
Q 
Q 

Q 
0 rn 

Q) 
I 

CD 
(u 

0 
4-4 

I 

m 
0 

m 
I 

4 - 6  



Q 

e. 
IC) 

4 

a 
d 

k 
p: 

.C 

4-7  



. *  

L' . 

I 
I I 

I 

M 
4 u 
43 
01 

8 8 

r5) 
0 

m 
0 

m 

I .  

. -  

4 - 8  



. 

I 
I 

expected, especially since the CAVE documentation showed 
that only one mode gave the correct temperature response 
after approximately 0.08 hour. It must be recognized how-- 
ever that the CAVE formulation solves a very specific line- 
arized problem with constant thermal loading, thus allowing 
a very specific exact solution representation. 

In order to evaluate the Ilsurprizing" results when modal 
truncation is used for this problem, consider the following 
solution steps: 

1. Problem Formulation: 

hu + Ku = P 

G ( 0 )  = 0 

u(0) = OOF (for clarity) 

P = [p,o.,o.,o.,o.,o.,o.,o.,o.~o~l T 

2 .  Modal Formulation: 

4)TB4) = I 

6 + AQ = QTP 

3 .  ith modal equation: 

P = O  j # l  
j Gi + xiqi = 

P.' = p j = 1  
3 

.. 
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4 .  

5 .  

6. 

Laplace Solution (step input) : 

Back Transform to Temperature at ith node: 

Final Steady State Temperature (t+=): 

Thus, the final steady state temperature at, for 
example node 1, becomes 

41,lO 
2 ,  xlo 

- ( .  + - + ... + 
2 
412 
h2 "1 - 

2 The terms 6 / X  are the effective modal partic- 
ipation of each mode to the final steady state temperature 
at node 1. The modal participation of the jth mode at 
node i is a function of the product of the jth moae shape 
with the mode shape at the first node (where the load is 
applied) divided by the jth mode eigenvalue. Table 2 gives 
the corresponding contributions to the final temperatures 
(at 0 . 4 8  hour) at nodes 1, 5 ,  and 10. The numbers for 
node 1 are especially revealing, for while Xl0 is nearly 
200 times greater than X1, $l,lo is nearly 300 times 

11 j 
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Table 2. Modal Contributions to Slab Final Temperatures 

Mode - 
1 
2 
3 
4 
5 
6 
7 
8 

9 
10 

Temperature At .48 Hour 
Node 1 Node 5 Node 10 

170.0 240.0 37.0 
32.0 
24.0 
17.0 
13.0 
9.0 

56.0 
-26.0 
-21.0 

9.0 
13.0 

-77.0 
40.0 

-24.0 
15 .O 

-12.0 
.6 0 0.0 8.0 
2.0 -6.0 -6.0 
1.0 

59.0 

200.0 

-1.0 
2.0 

2.0 
0.0 

196.0 186 0 

4-11 
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greater than 0ll and thus the contribution of mode 10 
at node 1 is about 1.5 times greater than that of mode 1. 

The problem of modal truncation in this example is really a 
function of the way the convective boundary coupling is in- 
cluded in the model. The structural equivalent of this 
problem is shown in Figure 7. The structural dynamicist 
might well analyze this problem by considering not the modes 
of the beams plus the spring, but those of the free-free 
beam alone and then recoupling the system equations using 
the AK [6] solution approach. This should lead to greater 
flexibility in modal truncation. For example, the eigen- 
values and time constants for the conducting slab alone are - 
given in Table 3. 
value, some of which are shown in Figure 8. It is likelv, 
because of the extremely high value for the first mode time 
constant, that it will easily dominate the system solution. 

The mode shapes all have the same maximum 

Other analysis techniques for this problem are also pos- 
sible. For example, modal equations can be deleted during 
integration after a specified number of time constants have 
passed in order to lower CPU run time. Figure 9 shows the 
results for deleting equations after 3 time constants. Five 
time constants seems to be the appropriate number for ac- 
curate results, as Figure 10 clearly shows. 

yet another parameter which can be changed is the integra- 
tion step size. The method incorporated is stable f o r  large 
step sizes. Higher modes are "washed" out. Figure 11 shows 
the results which occur if the step size is increased from 
.0004 hr to .004 hr. If only the final temperatures are 
required, accurate results can be obtained using this tech- 
nique. Large CPU savings can occur for large problems. 

4-12 
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T a b l e  3 .  S l a b  O n l y  Time C o n s t a n t s  

Mode - 
1 
2 
3 
4 
5 
6 
7 

8 
9 

1 0  

, E i g e n v a l u e  Time C o n s t a n t  (hr . ) 
0 . 4 0 3  E-5  2 4 8 , 4 3 7 . 0  

3 6 . 5 5  

1 4 1 . 8  
3 0 3 . 0  
5 0 0 . 8  
7 1 1 . 3  
9 0 9 . 1  

1 0 7 0 . 3  
1 1 7 5  . 6 

1 2 1 2 . 1  

. 0 2 7 4  

. 0 0 7 1  
- 0 0 3 3  
, 0 0 2 0  
. 0 0 1 4  
. 0 0 1 1  

0 0 0 9 3  
. 0 0 0 8 5  

. 0 0 0 8 3  

, 
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Figure 7. Structural Analogy to One-dimensional 
Conduction Problem. 
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4.2 J P L  ANTENNA PROBLEM 

The second problem analyzed using the modal formulation ap- 

ated by Boeing and run using the NTA. The data deck for a 
typical run of the model is shown in Appendix A. The 
55 node model of the pedestal, dish and feeder is given an 
initial on-orbit temperature of 100°F and solar flux input 
and nonlinear radiation emission are the main thermal driv- 
ing forces. Plots of some of the resulting temperature dis- 
tributions are shown in Figures 13, 14, and 15. These plots 
are the result of a modal solution run using all 55 modes. 
Corresponding plots from a coupled solution approach are 
identical. 

preach is shown in Figure 12. This thermal model was cre- - 

The modal eigenvalues and corresponding time constants for 
the antenna are shown in Table 4 .  A particularly enlighten- 
ing way to view the mode shapes is shown in Figure 16. 
Here, a color graphics display of the first mode shows the 
symmetric pattern of hot (red, +l°F) and cold (blue, 
-l°F) regions on the dish. 
preciable temperature (OOF) . 
isothermal lines at 75% of maximum, 5 0 %  of maximum and 25% 
of the maximum temperature excursion. If the antenna is 
given this temperature distribution, in the absence of ex- 
ternal thermal loading, the regions of hot and cold will all 
exponentially approach O°F according to the time constant 
of 160,293 seconds. Likewise, a system with the initial 
temperature distribution of the 55th moae would exponen- 
tially change to O°F with a time constant of 392 seconds. 

The green region has no ap- 
The white lines are 

As in the previous problem the affect of modal truncation 
was tested. It was again determined that if all of the 
structure was to be carefully analyzed, then retention of 
nearly all of the modes was necessary to give accurate final 
temperatures. If it was, however, necessary to analyze the 
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Mode 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
1 1  
12 
13 
1 4  

15 .  
16 
17 
i e  
19 
20 
21 
22 
23 
24 
25 
2 6  
27 
28 
29 
30 
31 
32 
33 
3 4  
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
5 2  
53 
54 
55 

- 

Table 4. JPL Antenna Time Constants 

Mode Eigenvalue - 
0.6238583E-05 
0.168271 1 E-04 
0.2424366E-04 
0.3373314E-04 
0.4894492E-94 
0.4894838E-04 
0.5309772E-04 
0.5521252E-04 
0.5983795E-04 
0.5993895E-04 
O.5038760E-04 
0.6039933E-04 
u ,  $ 1  31 17?E-04 
0.6997844E-04 
0.689800YE-04 
9.11QQ898E-03 
0.1 lY@96?E-i)3 
0.127?474E-O3 
0.1330032E-03 
0.1331 327E-03 
O.1376842E-03 
0.137824’2E-03 
0.1805610E-03 
0.191 7642E-03 
0.191 7644E-93 
0.2018008E-03 
0.2155735E-03 
0.2365842E-03 
0.2365934E-03 
3.244817SE-03 
0,24484?4€-03 
0.2938773E-03 
0.3292675E-03 
0.3703241 E-03 
0.3703869E-03 
0.4641324E-03 
0.5059571E-03 
0.61 623O4E-03 
0.61 62323E-03 
0.6842178E-03 
0.6842387E-03 

0.1047230E-02 . 
0.1047259E-02 
0.11 94648E-02 
0.1255468E-02 
0.140328YE-02 
0.1840473E-02 
0.1840488E-02 
0.2192668E-02 
0.2192704E-02 
0.2298775E-02 
0.2486 103E-02 
0.24861686-02 
0.2550800E-02 

0.7122986E-03 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
,I5 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
2 6  
27 
28 
29 
30 
31 
32 
33 
3 4  
35 
35 
37 
3 8  

’ 3 9  
40 
4 1  
42 
43 
4 4  
? 5  
46 
47 
48 
49 
56  
51 
5 2  
53 
5 4  
55 

4-24  

Time 
Constant 

0.1602928Et06 
0.5942790Et05 
0.4124790Et05 
0.2964444Et05 
0.20431 13Et05 
0.2042969E+05 
0.1883320Et05 
0.181 11 84Et05 
0.1671180€+05 
0.1671152E+05 
0.1655969€+05 
0.1655881E+05 
0.1631008E+05 
0.1449720E+05 
0.14496?4E+OS 
0.8397024E+04 
0.8396541Et04 
0.781 571 3Et04 
0.751 8619E+04 

0.7262990€+04 
0.72!55622E+@4 
0.55382?5€+04 
0.521 4?3?E+04 
@.5214733E+04 
0.4?55383E+04 
0.4638789Et04 
0.4226025€+@4 
0.4226657€+04 
0.4084676€+94 
0.40841 4;!E+O4 
9.3402?0:5+94 
0 . 3  0.3 7 3 4 5 E+O4 
c .  2’00337Et03 

0 . 2  154SSbE+O.! 

0,751 1301 €+04 

i).2699879E+$4 

Q . 1 ? ? 6 4 5 2 E + O 9  
9.1 hC2783YE+01 
0.1622’65E*t’: 
3,1),51 5?.:$+ijq 
9. 1 S,j 1 J”E+@.! 
5.14@3906E+O4 
0.57 5 4 B 9 0 0 E + 0 3 
0 .?548738Et03 
O.P370668€+03 
0.79551 53E+!j.j 
0 71 251 14€+03 
0.5433385€+03 
i.j.5433312Et03 . 

0.456O58OE+3.3 
OS435O142E+03 
0.4@??35QE+0.3 
0.402225.lE+O.3 
0 . 3 ? 2 0 3 . 3 8 € + # 3  

Os456Q6SJE+O3 
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pedestal only, then the last 19 modes could be thrown out 
with no appreciable accuracy lost. In fact, all modes with 
mode shapes where the pedestal has essentially zero maximums 
can be discarded. Accurate results are still obtained as 
shown in Figure 17. Table 5 gives a simple classification 
of each thermal mode, displaying the part which has the 
maximum temperature excursion. This is especially relevant 
in this problem because of the uncoupled nature of the model. 

The modal truncation problem in this example is related to 
the nonlinear radiative exchanges which depend upon the 
fourth power of the mode shapes. More analysis is required 
in order to investigate this effect. 

Figure 18 displays, for this small thermal problem, the CPU 

savings incurred by using the modal formulation versus using 
the full coupled integration approach. Starting with the 
system matrices created by NTA, the CPU time for the full 
coupied system solution is 130 seconds. Including the 
14 seconds for a full eigenvalue analysis of the problem, 
the CPU time for the modal solution using all 5 5  modes is 
118. seconds. If one instead uses only 35 modes, the CPU 
time drops to 79. seconds, a total reduction of 39 percent. 

Admittedly, one can draw almost no conclusions from this one 
simple example,but it is indicative that a great potential 
may occur for large problems. Likewise, the potential d e l e -  
tion of modes by reconfiguring the boundary conditions as in 
the last example leads to positive speculation. Further 
tests and findings are certainly reuuired. 

. .  
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Mode - 
1 
2 
3 
4 
5 
6 
7 
8 

9 
10 
11 
12 
13 
1 4  
15- 
1 6  

1 7  
18 

19 
20 
21 
22 
23 
24 
25 
26 
27 

Tab le  5 .  J P L  Mode C l a s s i f i c a t i o n  

C l a s s i f i c a t i o n  

d i s h  

d i s h  

d i s h  

p e d e s t a l  

d i s h  

d i s h  

p e d e s t a l  

p e d e s t a l  

p e d e s t a l  

p e d e s t a l  

d i s h  
d i s h  

p e d e s t a l  

pedes  t a l  
p e d e s t a l  

d i s h  

d i s h  
feeder 
d i s h  
d i s h  

p e d e s t a l  

p e d e s t a l  

p e d e s t a l  

d i s h  

d i s h  

p e d e s t a l  

d i s h  

Mode 

28 
29 
30 
31 
32 

- 

33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
4 5  

46 
47 
48 
49 
50 
51 
52 
53 
54 
55 

C l a s s i f i c a t i o n  

pedes  t a 1 
p e d e s t a l  

pedes  t a  1 
pedes  t a 1 
p e d e s t a l  

p e d e s t a l  

p e d e s t a l  

p e d e s t a l  

p e d e s t a l  

f e e d e r  

d i s h  

d i s h  

f e e d e r  

f e e d e r  

d i s h  

d i s h  

d i s h  

d i s h  
d i s h  

d i s h  

f e e d e r  

f e e d e r  

f e e d e r  

f e e d e r  

f e e d e r  

f e e d e r  

f e e d e r  

f e e d e r  
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SECTION 5 - CONCLUSTON 

r .  .. 
1 .  

, -  
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The,modal approach, which has been developed as part of the 
effort described herein, to the solution of transient ther- 
mal problems has been shown to give precise agreement with 
conventional thermal analysis techniques. Moreover, it has 
been demonstrated that the fourth-power radiation terms can 
be treated as part of the right-hand-side of the controlling 
thermal analysis equation and can thus be easily handled 
using the modal formulation. The only restriction in the 
modal approach is that the heat capacitance and conductive 
matrices must be constant over the temperature range covered 
-by the particular transient of interest. 

The results obtained by the sample problems indicate that 
the modal approach provides a more efficient solution, in 
terms of computer CPU time, than the standard thermal analy- 
sis techniques. It can be anticipated that this improvement 
in computational efficiency would be more pronounced with 
larger problems. Moreover, if a general criteria can be 
developed to allow the truncation of thermal modes which 
must be used in a thermal transient problem, analogous to 
the frequency criteria used to truncate modes in a struc- 
tural response analysis, it may be possible to dramatically 
reduce the data storage and computer time requirements en- 
countered in the thermal transient analysis of large space 
structures. 

To develop and establish the computational efficiencies of- 
fered by the modal approach to thermal transient analysis, 
additional effort is required and warranted. This effort 
should address the modal solution of typical large model 
thermal transient problems and the determination of a cri- 
teria which could be used to truncate the number of thermal 
modes which must be used in these analyses. It is also an- 
ticipated that the modal solution may be useful in 
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providing additional insight into the thermal behavior of 
large space structures. 
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I D  NTA, JPL 30 HETER DIAHETER ANTENNA 
SOL 59 
DIAG 8,14,35 
DIAG 5,6 
TIHE 10 
ALTER 96 
READ HKDD, HBDD ?,, DY NAHICS I CISECC/LAHA,  PHIA,HI , OEIGS/HODES/ 
S,N,NEIGU S ' 

OFF LAilA,OEIGS// % 
9t4ATPRN P H I A / /  S 
VDR C A S E C C , H E Q E X I H , H U S E T D , P H I A , L A H A , , / O P H I A , / ~ E I G / D I R E C T / O / S , ~ , ~ O H /  

S, H, NOPRT/l % 
OFF OPHIA// % 
OUTPUT4 HEDD,HKDD,PHIA,HPDT1//-l/ll % 
ENDALTER 
READ 9 
CEND 
TITLExJPL 30-H DEP ANT, THERHAL,TRANS,CONST QUECT 
SUBTITLE=GEO,SOLAR ONLY, ECLIPTIC PLAHE,EARTH-FACING, 72,7200,86400 SEC 
$ 72 SEC TIHE STEP,7200 SEC OUT I N T  (30  DEG),86400 SEC TOT (ONE O R B I T )  
'1 LENGTH UNITS AREACHES 
THERHAL=ALL 
IC=3 
flETHOD=700 
TSTEP-1 
r)LOAD=60 
BEGIN BULK 
EIGR 700 H G I U  0. 
+E16 HASS 
CORD2R 2 0. 
*CR I . O  0 .  1. 
CORD2C 1 2 0. 
+cc 1 .o 0. 0 .  
G R E E T  1 
PARAil S I G H A  3.304-15 
PARAH T A B S  460. 
G R I D  1 0. 
G R I D  2 118.1 
G R I D  3 118.1 
GRID 4 118.1 
G R I D  5 118.1 
G R I D  6 118.1 
G R I D  7 118.1 
G R I D  8 354.33 
GRID 9 354.33 
G R I D  10 354.33 
G R I D  11 354.33 
G R I D  12 354.33 
G R I D  13 354.33 

1. 

0 .  

0. 

0. 
0. 
60. 
120. 
180. 
240. 
300.  
0 .  
30. 
60. 
90. 
120. 
150. 

0 .  

0. 

0 .  
5.91 
5.91 
5.91 
5.91 
5.91 
5.91 
53.15 
53.15 
53.15 
53.15 
53.15 
53.15 

1 .E-4 t E I G  55 55 

0. 0. 1 .o t CR 

0 .  0. 1 .o  +c c 

2 
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GRID 
GRID 
GRID 
GRID 
GRID 
GRID 
GRID 
GRID 
GRID 
GRID 
GRID 
GRID 
GRID 
GRID 
GRID 
GRID 
GRID 
GRID 
GRID 
GRID 
GRID 
GRID 
GRID 
GRID 
GRID 
GRID 
GRID 
GRID 
GRID 
GRID 
GRID 
GRID 
GRID 
GRID 
GRID 
GRID 
GRID 
GRID 
GRID 
GRID 
GRID 
GRID 

1 4 -  
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
4 1  
42 
43 
4 4  
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 

- _ -  _ _  - 
354.33 180. 
354.33 210. 
354.33 240. 
354.33 270. 
354.33 300. 
354.33 330. 
590.55 0. 
590.55 30. 
590.55 60. 
590.55 90. 
590.55 120. 
590.55 150. 
590.55 180. 
590.55 210. 
590.55 240. 
590.55 270. 
590.55 300. 
590.55 330. 
19.69 0. 
19.69 120. 
19.69 240. 
0. 0. 
50. 0. 
50. 60. 
50. 120. 
50 180. 
50 D 240. 
50 D 300. 
0. 0. 
90. 0. 
90. 60. 
90. 120. 
90. 180. 
90 0 240 a 

90 o 300 e 

0. 0. 
90. 0. 
90. 60. 
90. 120. 
90. 180. 
90. 240. 
90. 300. 

- - -  
53.15 
53.15 
53.15 
53.15 
53.15 
53.15 
147.64 
147.64 
147.64 
147.64 
147.64 
147.64 
147.64 
147.64 ' 
147.64 
147.64 
147.64 
147.64 
590.55 
590.55 
590.55 
-20. 
-20. 
-20. 
-20. 
-20 n 
-20. 
-20. 
-220. 
-220. 
-220. 
-220. 
-220. 
-220. 
-220. 
-420. 
-420. 
-420. 
-420. 
-420. 
-420. 
-420. 

9 TUO-DIGIT ID ELEHENTS ARE BODY (STRUCTURAL ELEMENTS) 
9 100 SERIES ELEHENTS ARE HEAT BOUHDARY ELEHENTS, NEG SIDE, HEAT IN 

r) 300 SERIES ELEHENTS ARE HEAT BOUHDARY ELEHEHTS, POS SIDE, HEAT I N  
CBAR 38 30 2 32 26 
CBAR 39 30 4 33 30 
CBAR 40 30 6 34 22 
CBAR 71 3 2 36 26 
CBAR 72 3 3 37 28 

9 200 SERIES ELEHENTS ARE HEAT BOUNDARY ELEHEHTS, NEG SIDE, HEAT our 
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CBAR 73 
CBAR 74 
CBAR 75 
CBAR 76 
CQUAD? 25 
CQUAD2 26 
COUAD2 27 
CQUAD2 28 
CQUAD2 2 9  
CQUAD2 30 
CQUAD2 31 
CQUAD2 32 
CQUAD2 33 
COUAD2 34 
COUAD2 35 
CQUAD2 36 
CQUAD2 4 1  
CQUADZ 42 
CQUAD2 43 
CQUAD2 4 4  
CQUAD2 45 
COUAD2 46 
CQUAD2 47 
CQUAD2 48 
CQUAD2 49 
CQUAD2 50 
CQUAD2 51 
CQUAD2 52 
CTRIA2 1 
CTRIA2 2 
CTRIAP 3 
CTRIA2 4 
C T R I A Z  5 
CTRIA2 6 
CTRIA2 7 
CTRIA2 8 
CTRIA? 9 
CTRIA2 10 
CTRIA2 1 1  
CTRIA2 1 2  
CTRIA2 13 
CTRIA2 14 
CTRIA2 15 
CTRIA2 16 
CTRIA2 17 
CTRIA2 18 
CTRIA2 19 
CTRIA2 20 
CTRIA2 21 
CTRIA2 22 
C T R I A Z  23 

3 
3 
3 
3 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 

4 
5 
6 
7 

9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
36 
37 
38 
39 
40 
41  
43 
44 
45 
4 6  
4 7  
48 

1 
1 
1 
1 
1 
1 
2 
2 
3 
3 
3 
4 
4 
4 
5 
5 
5 
6 
6 
6 
7 
7 
7 

8 

38 
39 
40 
41 

21 
22 
23 
24 
2 s  
26 
27 
28 
29  
30 
31 
37 
38 
39 
40 
41 
36 
4 4  
45 
46 
47 
48 
43 

2 
3 
4 
5 
6 
7 
8 
9 
9 

10 
1 1  
11  
1 2  
13 
13 
14 
1s 
15 
16 
17 
17 
18 

20 

. 1 9  

30 
20 
22 
24 

22 
23 
24 
2 s  
26 
27 
28  
29 
30 
31 
20 
44 
45 
46 
47 
48 
43 
51 
52  
53 
54 
55 
50 

3 
4 
3 
6 
7 
2 
9 
3 

10 
1 1  

4 
12 
13 

5 
14 
15 
6 

16 
17 

7 
18 
19 

21 

- 2  
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9 
1 0  
11 
12 
13 
1 4  
15 
16 
17 
18 
19 
8 

43 
44 
45 
46 
47 
48 
50 
51 
52 
53 
54  
55 

-. 
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CTRIA2 
CTRIA2 
CTRIA2 
CTRIA2 
CTRIA2 
CTRIA2 
CTRIA2 
CTRIA2 
CTRIA2 
CTRIA2 
CTRIA2 
CTRIA2 
CTRIA2 
CTRIA2 
CTRIA2 
CTRIA2 
CTRIA2 
CTRIA2 
CTRIA2 
CTRIA2 
CHBDY 
CHBDY 
CHBDY 
CHBDY 
CHBDY 
CHBDY 
CHBDY 
CHBDY 
CHBDY 
CHBDY 
CHBDY 
CHBDY 
CHBDY 
CHBDY 
CHBDY 
CHBDY 
CHBDY 
CHBDY 
CHBDY 
CHBDY 
CHBDY 
CHBDY 
CHBDY 
CHBDY 
CHBDY 
CHBDY 
CHBDY 
CHBDY 
CHBDY 
CHBDY 
CHBDY 

. _  
2 4  1 
37 1 
53  5 
54 5 
55 5 
56 5 
57 5 
98 5 
59 5 
60 5 
61 5 
62 5 
63 5 
64 5 
65 5 
66 5 
67 5 
68 5 
69 5 
70 5 
101 9 
102 9 
103 9 
104 9 
105 9 
106 9 
107 9 
108 9 
109 9 
110 9 
111 9 
112 9 
113 9 
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TABLED1 1 
TEHPD 3 100. 
TABLED1 2 
+TAB11 0. 0. 86400. 0. END1 
+TAB21 O m  -86603 86400. -16603 END? 
TABLED1 3 
+TAB31 0. m S  86400. - 5  ENDT 
TLOADl 60 21 23 
TABLED1 23 
+TAB231 0. 1 .o 86400. 1.0 ENDT 
TSTEP 1 1200 72 . 100 
ENDDATA 
3 

+TAB1 1 

+TAB21 

+TAB31 

+TAB231 
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